Abstract. We develop a group theoretical formulation of SLE-type growth processes corresponding to Wess-Zumino-Witten theories, which makes it possible to construct stochastic differential equations associated with more general null vectors than ones considered in the most fundamental example in [ABI11]. We also give examples of SLE-type stochastic differential equations associated with null vectors of conformal weight 4 in the basic representations ofŝl2 andŝl3.
Introduction
Two dimensional conformal field theories (CFTs) [BPZ84] have been proved to be powerful tools to analyze vast variety of models in statistical physics at criticality [DFMS97] . CFTs are distinguished from other quantum field theories by the property that several correlation functions in a CFT can be computed exactly, due to its infinite dimensional symmetry. Not only a bulk system without boundaries, but one under certain boundary conditions is also probed by means of the framework of boundary conformal field theories (BCFTs) [Car86, Car89] . In a BCFT, a partition function under given boundary conditions is defined by a correlation function of boundary operators, each of which changes boundary conditions. In this picture, a partition function of a BCFT gives a prediction on cluster interfaces evolving from boundary operators inserted on boundaries. One of milestones is Cardy's formula [Car92] , later proved by Smirnov [Smi01] , which gives crossing probability of critical percolation computed as a partition functions of a BCFT.
Another framework describing cluster interfaces is the notion of SchrammLoewner evolution (SLE), which was introduced in [Sch00] as a subsequential scaling limit of loop-erased random walks and uniform spanning trees. Schramm has defined in [Sch00] two types of SLEs, radial and chordal, but in this paper, we only consider a chordal SLE and simply call it an SLE. An SLE labeled by a positive real number κ > 0 is a collection of properly normalized conformal maps {g t (z)} t≥0 satisfying the following ordinary differential equation:
(1.1) ∂ t g t (z) = 2 g t (z) − B t , g 0 (z) = z.
Here B t is a Brownian motion of covariance κ on the real axis. Following its introduction, many properties of SLEs have been unveiled mainly in
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probability theoretical manner [RS05, Law04] . In particular, it has been found that SLE emerges in scaling limits of several two dimensional lattice models including the spin Ising model [CDCH + , Law05, Smi06] . Since CFT and SLE are two different frameworks to treat the same critical systems, they should be bridged in some sense. There are several approach to relate these two notions under the name of SLE/CFT correspondence. In works by Friedrich, Kalkkinen, and Kontsevich [FK04, Fri04, Kon03] , the SLE-type probability measure is constructed as a section of the determinant bundle over the moduli space of Riemann surfaces. Recently, Dubédat [Dub15b, Dub15a] also constructed SLE-type probability measures by means of the localization technique, and identified its partition function with a highest weight vector in a highest weight representation of the Virasoro algebra.
In this paper, we follow the group theoretical formulation of SLE/CFT correspondence originated by Bauer and Bernard [BB02, BB03a, BB03b] . They established the relation between SLE and CFT via a random process on an infinite dimensional Lie group. Their strategy was to consider a random process G t on the lower Borel subgroup of Virasoro group, of which Lie algebra is the Virasoro algebra, under the initial condition that G 0 is the unit element. Through transformation of a primary field, the random process G t gives a one-parameter family of germs {g t (z)} t≥0 of melomorphic functions at infinity. On the other hand, each G t can acts on a highest weight representation of the Virasoro algebra. In particular, G t h, c⟩ for a certain highest weight vector h, c⟩ of highest weight h and central charge c is a random process on the corresponding highest weight irreducible representation L(h, c). The SLE/CFT correspondence in the sense of Bauer and Bernard states that the family of germs {g t (z)} t≥0 satisfies Eq.(1.1) if the random process G t h, c⟩ is a martingale due to presence of a null vector of conformal weight h + 2 in the irreducible representation L(h, c). The group theoretical formulation of SLE/CFT correspondence has been convenient to generalize SLEs by constructing stochastic differential equations associated with more general null vectors in highest weight representations of the Virasoro algebra [LR04] , N = 1 superconformal algebra [Ras04b, NR05] , and logarithmic representations of the Virasoro algebra [Ras04a, MARR04] .
Aside from the group theoretical formulation there is a correlation function formulation [BB04] , in which one directly investigate martingale conditions on correlation functions to discover the relation between SLE and CFT. By the correlation function formulation, the SLE/CFT correspondence for multiple SLEs has also been established in [BBK05] , and for further variants of SLE in [Kyt07] .
CFTs to be considered next to Virasoro minimal models include WessZumino-Witten (WZW) theories associated with representation theory of affine Lie algebras. SLEs corresponding to WZW theories have been considered group theoretically in [Ras07] , and in the correlation function formulation in [BGLW05, ABI11] , which is extended to multiple SLEs in [Sak13] , and to coset WZW theories in [Naz12, Fuk] . The purpose of this paper is to better understand the construction of SLE type processes in [Ras07] to extend it to general WZW theories and to generalize SLE-type growth processes corresponding to WZW theories. To this purpose, we imitate the construction in [BB03a] by considering a random process on the negative part of the affine-Virasoro group, instead of the Virasoro group in [BB03a] . It enables us to obtain an SLE-type growth process associated with a null vector of certain type in the state space of a WZW theory, which reduces to a stochastic process constructed in [ABI11] in particular case. We also propose new SLE-type growth processes associated with null vectors in the basic representations ofŝl 2 andŝl 3 , and conjecture that the similar construction is possible for allŝl n .
Besides the construction of new stochastic processes, a possible application of our formulation is to establish module structure of the space of SLEmartingales over an affine Lie algebra. Indeed, consideration on a random process on the Virasoro group was essential to define the Virasoro module structure on the space of SLE-martingales in [BB04, Kyt07] . Similarly, a random process on an affine-Virasoro group helps for finding an affine Lie algebra module structure on the space of SLE-martingales, which we believe that is a completed formulation of the SLE/CFT correspondence. Studies on this direction will be reported elsewhere.
This paper is organized as follows. In Sect.2, we give an introduction of representation theory of affine Lie algebras in somewhat vertex operator algebraic way. In Sect.3, we formally introduce a random process on a Lie group, which is a fundamental object in the group theoretical formulation of SLE/CFT correspondence, and explain our strategy to construct SLE-type growth processes. In Sect.4, we derive stochastic differential equations for a given random process on an infinite dimensional Lie group, and in Sect.5, we give examples of null vectors, which give SLE-type growth processes.
Affine Lie algebras and Wess-Zumino-Witten theories
Let g be a finite dimensional simple Lie algebra. We denote a symmetric invariant bilinear form on g by (⋅ ⋅) ∶ g × g → C. The affine Lie algebra of g is a Lie algebra
with Lie brackets being defined by
As usual we write X ⊗ t m as X m . The state space of the Wess-Zumino-Witten theory associated with g is a representation of the affine Lie algebraĝ. Let us fix a Cartan subalgebra h of g, and correspondingly, let ∆ and Π ∨ = {α ∨ 1 , ⋯, α ∨ } be the set of roots and the set of simple coroots, respectively. The weight lattice is denoted by P = ⊕ i=1 ZΛ i , where Λ i are fundamental weights defined by ⟨Λ i , α
The set of dominant weights is P + = {Λ ∈ P ⟨Λ, α
We denote by L(Λ) the finite dimensional irreducible representation of g of highest weight Λ ∈ P + . Given a finite dimensional representation of g, we can construct a representation of the affine Lie algebraĝ by means of parabolic induction. Let M be a representation of g. Then the representation M k of a parabolic subalgebrap ∶= g ⊗ C[t] ⊕ CK of the affine Lie algebra is M as a vector space, on which g ⊗ t 0 acts naturally, g ⊗ tC[t] acts trivially, and K acts as the multiplication by k ∈ C. Here the scalar k is called a level. Then a representation M k of the affine Lie algebra is obtained by induction
By the Poincaré-Birkhoff-Witt theorem, it is isomorphic to U (g⊗t
Weyl module, may be reducible for specific levels. We denote by L g,k (Λ) its irreducible quotient.
A WZW theory is specified by a pair (g, k) of a finite dimensional simple Lie algebra g and a positive integer level k ∈ Z >0 . The state space of the WZW theory of (g, k) is identified with
where P k + = {Λ ∈ P + ⟨Λ, θ⟩ ≤ k} is the set of dominant weights of level k, where θ is the highest root of g [FZ92] .
To explain the Sugawara construction, we introduce the notion of field operators. For X ∈ g, the corresponding field X(z) is an End(V g,k )-valued formal power series in a formal variable z
where the coefficients X n ∈ End(V g,k ) is thought of as the action of X n ∈ĝ on V g,k . From the definition of the affine Lie algebra Eq.(2.2), two fields satisfy the commutation relation
where δ(z − w) = ∑ n∈Z z −n−1 w n is the formal delta distribution. This commutation relation is often expressed equivalently in the form of operator product expansion (OPE):
For two fields X(z) and Y (z), their naïve product X(z)Y (z) is not welldefined due to the singularity at z = w in the above OPE. Instead, we define the normal ordered product of two fields. For a field X(z), its positive and negative power parts X(z) ± are defined by
Then the normal ordered product of X(z) and Y (z) is defined by (2.10)
be an orthonormal basis of g with respect to the symmetric invariant bilinear form (⋅ ⋅). We also assume that the bilinear form is normalized so that (θ θ) = 2. We consider the following field (2.11)
where h ∨ is the dual Coxeter number of g. Then it satisfies
is a finite dimensional eigenspace of L 0 and the constant h Λ is given by (2.14)
with ρ = ∑ i=1 Λ i ∈ h * being the Weyl vector. From direct computation, we find that each X(z) for X ∈ g is a primary field with respect to L(z):
which, in particular, implies that the mode X −n raises the eigenvalue of L 0 by n. We also remark that the top space
In the rest of this section, we give a vertex operator algebra (VOA) structure on V g,k , which is convenient in the following computation. To be precise, only the space L g,k ∶= L g,k (0) ⊂ V g,k carries a VOA structure, and the other direct summands are regarded as modules over this VOA. In this paper, however, we sacrifice the preciseness and introduce the standard computational tools in the theory of VOAs, without distinguishing intertwining operators from the state-field correspondence map. For precise formulation, see [Kac98, FBZ04, FZ92] . The fundamental object in the theory of VOAs is the state-field correspondence map
Here 0⟩ ∈ (L g,k ) 0 = C 0⟩ is a fixed vector called the vacuum. Another significant property of Y(−, z) is that its value is a field, i.e., for arbitrary v, w ∈ V g,k , there are finitely many weights
In this notion, the fields X(z) for X ∈ g and L(z) are described as
Other important fields include one corresponding to v ∈ L g,k (Λ) h Λ in a top space of a direct summand of V g,k . This kind of field is one often called a primary field, and is characterized by the following properties:
Notice that for each Λ ∈ P k + , there are dim L(Λ) times linearly independent primary fields. The multiplet of them is regarded as an L(Λ) * ⊗ End(V g,k )-valued field.
Ito process on a Lie group
In this section, we formally introduce Ito processes on Lie groups, which are needed in the following. For a precise definition, see [App14] . Let g be a finite dimensional complex Lie algebra that is faithfully represented in a finite dimensional vector space V . There is a Lie group G realized as a Lie subgroup of GL(V ) such that the Lie algebra of G is g. We take independent Brownian motions B (i) t , i = 1, ⋯, dim g, and let κ i > 0 be the covariance of B (i) t , i.e., we have (3.1) dB
An Ito process G t on the Lie group G is described by a stochastic differential equation
where
is a certain basis of g, and µ i and σ i are random processes satisfying some finiteness conditions. Note that, in this description, terms X 2 i are understood as elements in End(V ). Although we assumed that the Lie group G is finite dimensional above, an Ito process on an infinite dimensional Lie group is significant in the context of the SLE/CFT correspondence. We assume that the expression in Eq.(3.2) makes sense on some representations even if the Lie group is infinite dimensional in the following discussion.
To construct an SLE-type growth process corresponding to a WZW theory, we consider an Ito process on the subgroupĜ
<0
Vir of an affine Virasoro group. It is formally generated by exponentiations of the negative partĝ <0 vir of the affine Virasoro algebra, which is defined byĝ
for m, n ∈ Z <0 . The commutation relation in Eq.(2.15) suggests that the state space V g,k is indeed a representation of this Lie algebra.
We assume that an Ito process G t onĜ
Vir depends on finitely many Brownian motions {B (i) t } i∈I B labeled by elements of a certain finite set I B , and that the covariance of each B (i) t is κ i > 0. Then analogously to the expression in Eq. (3.2) , the increment of G t can be written in the form (3.6) G −1
where µ, σ i ∈ĝ <0 vir for i ∈ I B . We also impose the initial condition so that G 0 is the unit element inĜ 
Here
is not a field, thus we make Y(Θ(z)v, f (z)) meaningful in the following way. Let V g,k = ⊕ h∈P (V g,k ) h be the eigenspace decomposition with respect to L 0 , where
is the set of eigenvalues, then the restricted dual space of V g,k is defined
is not a field, for a vector u * ∈ V † g,k , there are finitely many weights
We understand Y(Θ(z)v, f (z)) as such an object in the following.
Replacing G by the Ito process G t onĜ
Vir , we obtain (3.8)
Vir induces a pair of, interacting in general, random processes (f t (z),
We suppose that the increment of f t (z) is written as
with f t and f i t being some C((z −1 ))-valued random processes. To describe the increment of Θ t (z), we take a basis {X r } r∈Ig of g with the index set I g . Then we can express the increment of Θ t (z) as (3.10)
We also suppose that the increment of each θ r,t (z) is written as
with θ r,t (z) and θ i r,t (z) being C[[z −1 ]]-valued random processes. Our strategy is to compare the increments of the both sides of Eq.(3.8), and to write down stochastic differential equations on f t (z) and θ r,t (z) for a given Ito process G t onĜ
Vir . Notice that from d(G −1 t G t ) = 0, we have (3.12) (dG
Using this formula, we find that the increment of the left hand side of Eq.(3.8) yields
On the other hand, the increment of the right hand side of Eq.(3.8) is computed by the standard Ito calculus as
Comparing the coefficientes of each dB
in Eq.(3.13) and Eq.(3.14), we find
The primary field conditions Eq.(2.21) and Eq.(2.22) help us in determining f i t (z) and θ i r,t (z) for a given σ i . For example, if σ i = L n , we have
Also if σ i = −(X r ) n , we have
These give part of stochastic differential equations on f t (z) and θ r,t (z).
Comparing the coefficients of dt in Eq.(3.13) and Eq.(3.14), we can fully determine these stochastic differential equations, in principle. In the next section, we complete this program for a certain choice of µ, σ i .
Derivations of stochastic differential equations
Let {X r } r∈Ig be an orthonormal basis of g with respect to the symmetric invariant bilinear form (⋅ ⋅). We prepare independent Brownian motions B (i) t labeled by i ∈ I B ∶= {0} ∪ I g , identifying I g with a subset of I B , and let κ i > 0 for i ∈ I B be covariance of B (i) t . We also assume that µ = −2L −2n , σ 0 = L −n , and σ r = −(X r ) −n for i ∈ I g with n ∈ Z >0 . Then the Ito process G t onĜ
<0
Vir is described by
We remark that the above Ito process G t is different from one considered in [Ras07] , which does not contain a Brownian motion along L −n . The last discussions in the previous section suggests that
These results simplify Eq.(3.14) to be
. On the other hand, Eq.(3.13) becomes
t ). Then we compare the coefficients of dt to obtain
Thus the Ito processes f t (z) and θ k,t (z) satisfies the following stochastic differential equations:
If n = 1, the differential equations Eq.(4.8) and Eq.(4.9) reduce to ones considered in [ABI11] . Thus one can regard the set of equations Eq.(4.8) and Eq.(4.9) as generalization of SLE-type growth process obtained in [ABI11] .
If we define an Ito process g t (z) by (4.10)
t , we obtain a set of SLE-type stochastic differential equations:
It is remarkable that Eq. (4.11) is seemingly nothing but the SLE equation (1.1) with rescaled time variable, but we have to comment that here introduced g t (z) cannot be a uniformizing map in the sense of [BB03a] unless n = 1, while f t (z) can be. To see this, let us consider the automorphism group of an algebra of formal power series.
A continuous automorphism of O is identified with the image of the topological generator w of O. Under this identification, the group of continuous automorphisms AutO of O is described as
By setting w = 1 z, we regard the formal disc D = SpecO as the formal neighborhood at ∞ ∈ CP 1 . Then f t (z) constructed in our formulation defines a continuous automorphism of O identified with (4.14)
w ↦ 1 f (1 w) , while g t (z) does not if n ≥ 2. Indeed, 1 (g t (1 w)) begins from w n in O, and in particular, it is not invertible.
Null vectors and Martingale conditions
For a certain vector w ∈ (L g,k (Λ)) h Λ , G t w is an Ito process on the representation L g,k (Λ). It is an important problem when this random process is a martingale. To explain its importance, let us consider a correlation function, or precisely, a correlation function-valued random process of the form
Here we take v i ∈ (L g,k (Λ i )) h Λ i and let ⟨0 be the dual of the vacuum vector 0⟩ ∈ L g,k . From the transformation rule of primary fields Eq.(2.21) and Eq.(2.22) and the invariance of the vacuum, the above function is the same as
As is demonstrated in [BB03a] , the expectation value of Eq.(5.2) has a probability theoretical interpretation. If G t w is a martingale, on the other hand, the expectation value of Eq.(5.1) does not depend on time, yielding
the right hand side of which is a purely algebraic object computed in the CFT. Thus the martingale property of G t is significant in bridging probability theory to CFT via SLE/CFT correspondence. For our G t designed in Eq.(4.1), the random process G t w on L g,k (Λ) is a martingale if and only if the vector
For n = 1, the conditions for the above vector to be a singular vector have been analyzed in [ABI11] in case that κ r are the same constant for all r ∈ I g . Here, we give examples of null vectors of the above form for n = 2 in the basic representations ofŝl 2 andŝl 3 . We take an orthonormal basis of sl 2 in a standard way as
Here E, H, and F are standard basis
and the symmetric invariant bilinear form is given by (X Y ) = Tr(XY ) for X, Y ∈ sl 2 . Then the problem is whether there is a null vector in L sl 2 ,1 of the form
with κ i > 0 for i = 0, 1, 2, 3. Since the basic representation L sl 2 ,1 ofŝl 2 is isomorphic to the lattice vertex operator algebra V Q associated with the root lattice Q = Zα with (α α) = 2 of sl 2 [FK80] , it is convenient to express the operation ofŝl 2 in terms of a free Bose field and vertex operators. The isomorphism is described by the following assignment:
Here α(z) is a free Bose field, and Γ ±α (z) are vertex operators of charge ±α ∈ Q, respectively. Then the Virasoro field L(z) is given by the Sugawara construction, which yields
In the notion of vertex operator algebra, the Virasoro field is Y(L −2 0⟩ , z) corresponding to the Virasoro vector L −2 0⟩. By the translation covariance of fields we have in L sl 2 ,1 . Thus G t 0⟩ corresponding to n = 2, κ 0 = 8 3 , and κ 1 = κ 2 = κ 3 = 1 is a martingale.
We can also look for a null vector of the form in Eq.(5.4) in L sl 3 ,1 by similar computation. An orthonormal basis of sl 3 is taken as and the symmetric invariant bilinear form is given by the same formula (X Y ) = Tr(XY ) for X, Y ∈ sl 3 as in the case of sl 2 . Again, L sl 3 ,1 is isomorphic to the lattice VOA associated to the root lattice Q = Zα 1 + Zα 2 of type A 2 . The action ofŝl 3 is described by the assignment r=1 is an orhonormal basis of sl n with respect to the trace form (X Y ) = Tr(XY ) for X, Y ∈ sl n .
